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 AN IMPROVED GENETIC ALGORITHM FOR JOB-SHOP SCHEDULING PROBLEM WITH PROCESS SEQUENCE
 FLEXIBILITY
 Huang, X. W.*; Zhao, X. Y. & Ma, X. L. Faculty of Management and Economics, Dalian University of Technology, Dalian, P. R. China
 E-Mail: [email protected] (*Corresponding author) Abstract A new scheduling problem considering the sequence flexibility in classical job shop scheduling problem (SFJSP) is very practical in most realistic situations. SFJSP consists of two sub-problems which are determining the sequence of flexible operations of each job and sequencing all the operations on the machines. This paper proposes an improved genetic algorithm (IGA) to solve SFJSP to minimise the makespan, in which the chromosome encoding schema, crossover operator and mutation operator are redesigned. The chromosome encoding schema can express the processing sequence of flexible operations of all the jobs and the processing sequence of the operations on the machines simultaneously. The crossover and mutation operators can ensure the generation of feasible offspring for SFJSP. The simulation results on three practical instances of a bearing manufacturing corporation show that the proposed algorithm is quite efficient in solving SFJSP. (Received, processed and accepted by the Chinese Representative Office.) Key Words: Process Sequence Flexibility, Job Shop Scheduling, Genetic Algorithm
 1. INTRODUCTION
 1.1 Problem statement
 Scheduling is to allocate resources and time to tasks according to some rules and satisfying certain constraints such as operation sequence, the resource capacity and so on [1]. It has been proved that the scheduling problem involving more than two machines and two jobs is generally NP-hard [2]. In the classical job-shop scheduling problem (JSP), a set of independent jobs should be processed on several machines, and each job has an ordered set of operations, each of which must be processed on a predefined machine. The problem aims at finding the appropriate sequence of the operations on each machine to optimise some performance indicators, such as minimizing the maximum completion time over all jobs [3].
 The flexibility in process planning includes operation flexibility, process flexibility and sequence flexibility [4]. The operation flexibility implies that each operation can be processed through a set of alternative machines. The process flexibility provides alternative process plans for each job. The sequence flexibility implies that all the operations in the process plan should be performed but the sequence of some operations in the process route of some jobs might not be fixed. This paper considers the sequence flexibility extension to JSP, which is very common as well as realistic. The sequence flexibility job-shop scheduling problem (SFJSP) is more difficult and complicated than the classical JSP in that the operation sequence of each job should be determined according to the real-time scheduling environment.
 Due to the complications of the JSP, various methods like linear programming, heuristic algorithm and algorithm based on artificial intelligence, etc. have been introduced to solve the problem. Genetic algorithm is a popular meta-heuristic method used in solving combinatorial optimization problems. The advantage of GA with respect to the other search algorithms is due to the fact that more strategies could be adopted together to find good individuals [5]. GA has been successfully applied to solving the JSP for the optimal performance. In this paper, an
 mailto:[email protected]
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 improved genetic algorithm (IGA) for solving SFJSP is proposed, which adopts an improved chromosome representation and a novel initialization approach. The maximum completion time over all jobs (makespan) is viewed as the performance measure to be optimized.
 The remainder of the paper is organized as follows. Section 2 provides the literature review related to SFJSP. Section 3 introduces the formulation and constraints of SFJSP. In section 4, the mechanism of IGA for solving the SFJSP is explained in detail. The simulation results with IGA are presented in Section 5. In the final section, the conclusion and some further research suggestions are provided.
 1.2 Literature review
 The vital impact of flexibility on scheduling has been highlighted gradually since it is more realistic on the shop floor. The research literature concerning SFJSP is quite limited. But there are some works related to the problem considering the other two process planning flexibility in JSP.
 The research of JSP with process planning flexibility started with the flexible job-shop scheduling problem (FJSP), which only considered the operation flexibility and has attracted much attention until now. The first research on the FJSP was presented by Brucker and Schlie [6]. A polynomial algorithm was designed for solving the problem with two jobs. For the increase of complexity of FJSP with more jobs, a variety of heuristic methods such as dispatching rules and meta-heuristic methods such as tabu search (TS) [7-10], simulated annealing (SA) [11, 12], genetic algorithm (GA) [13-18] and hybrid approaches [19-22] have been applied for solving FJSP.
 With the consciousness of process flexibility in JSP, researches have focused on the integration of the flexible process planning and scheduling. The purpose is to choose an optimal or sub-optimal process plan for each job among the available ones to optimize the scheduling evaluation [23]. Saygin and Kilic [4] presented a framework that integrated the flexible process plan with off-line scheduling. Four stages were involved in the framework. The first stage was to decompose the flexible process plans into several linear alternative process plans (LAPPs). The second stage was to determine the machine tool for each operation in each LAPP among the alternative machine tools. In the third stage, only one process plan would be selected from the LAPPs for each part. After the process plan of each job was determined, in the fourth stage, scheduling was executed by an integer linear program. However, workload of process planning under this framework is very big. Brandimarte [24] proposed a hierarchical approach coping with a multi-objective scheduling problem with processing flexibility, which decomposes the problem into a machine loading problem and a scheduling sub-problem. The machine loading problem to determine the process plan for each job was formalized as an integer programming model using some heuristics to solve it. And then scheduling in the second problem was based on the results of the first sub-problem. Saygin et al. [25] suggested the dissimilarity maximisation method as a real-time decision-making tool for the process routing selection in off-line flexible manufacturing scheduling system. Jain et al. [26] proposed a scheme that consisted of the process plan selection module and scheduling module for the integration of process planning and scheduling. Li et al. [27] established a mathematical model for the flexible process planning selection problem and applied the genetic programming in solving the model. Shao et al. [28] applied the genetic algorithm to find the optimal process plan among alternative process plans to facilitate the integration of the process planning and scheduling functions. Ozguven et al. [29] established two mixed-integer linear programming models dealing with the job-shop scheduling problem with operation flexibility and process plan flexibility respectively. However, for solving the process flexibility job-shop scheduling problem, in most of existing
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 algorithms, selection of suboptimal process plan from flexible ones and schedule based on the selected process plan of each job are regarded as two separate tasks performed sequentially. Once a process plan is selected for a job, it cannot be changed on the shop floor. So there is still much room for improving the optimization performance by taking advantage of the process flexibility.
 2. PROBLEM DESCRIPTION
 2.1 Sequence flexibility description
 The sequence flexibility can be defined as that job Ji consists of a sequence of ni operations {Oi,1, Oi,2, …, Oi,j, …, Oi,k, …, Oi,n} and the sequence of the operations between Oi,j and Oi,k is not determinate. Then <Oi,j, Oi,k > (j < k) is called a flexible operation section, and the operations in the section are called flexible operations. The length of the flexible operation section can be expressed as k – j + 1. Any flexible operation section is composed of one or more operations that can be placed at any position in the section, which is called free operation. Commonly, there are three types of flexible operation sections on the shop floor:
 T1: Os is a proper subset of operations in section <Oi,j, Oi,k >. Each operation in set Os is a free operation that can be placed at any position in <Oi,j, Oi,k >. The process sequence of other operations besides Os in section <Oi,j, Oi,k > is fixed. Section of this type can be expressed as T1<<Oi,j, Oi,k >, Os>, which has sO
 jkPp 1 kinds of permutation and combination on the operation sequence, where │Os│ is the number of elements in Os;
 T2: in this type of flexible operation section all the operations are free operations, so the process sequence of them can be exchanged randomly. Section of this type can be expressed as T2<Oi,j, Oi,k >, and the operations in the flexible operation section <Oi,j, Oi,k > are called parallel operations, which has (k – j +1)! kinds of permutation and combination;
 T3: flexible operation section of this type is a hybrid of sections of type T1 and T2 for that in this type of section some flexible operation sections of type T2 are included in one flexible operation section of type T1. In order to distinguish from type T1 and T2, they are expressed as T31 and T32 respectively. Then the flexible operation section of type T3 can be expressed as T3 < T31 <<Oi,j, Oi,k >, Os,>, T32 <Oi,r, Oi,t >… T32<Oi,u, Oi,v >>, (j ≤ r < t <…< u < v ≤ k). <<Oi,j, Oi,k >, Os,> is the flexible operation section of type T31 and <Oi,r, Oi,t >…<Oi,u, Oi,v > are the flexible operation sections of type T32.
 The three types of flexible operation sections could describe the sequence flexibility completely. In order to make the sequence flexibility problem more understandable, there is an example of the inner ring grinding process plan for a spherical roller bearing, the sequence flexibility of which is very typical in bearing manufacture industry. The process plan with sequence flexibility is shown in Table I, which involves eleven operations. The third and the fourth operations are parallel operations, so the processing sequence of them can be exchanged. Then <3, 4> can be expressed as T2 <3, 4>. The sixth operation can be placed at any position between the fifth and the eleventh operation, and the eighth and ninth operations are parallel operations. So this flexible operation section can be expressed as:
 T3 < T31 <<6, 10>, {6}>, T32 <8, 9>>. The sequence flexibility of this parts can be expressed as:
 T2 <3, 4>, T3 < T31 <<6, 10>, {6}>, T32 <8, 9>>.
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 Table I: Grinding process plan of a spherical roller bearing inner ring.
 Operation no. Operation name 1 Ring face grinding 2 Outside surface rough grinding 3 Inside surface rough grinding 4 Raceway rough grinding 5 Temper treatment 6 Chamfer brightening 7 Outside surface fine grinding 8 Inside surface fine grinding 9 Raceway fine grinding
 10 Rib grinding 11 Surface brightening
 2.2 SFJSP description
 The SFJSP can be stated as follows: there are a set of jobs to be processed J = {J1, J2, …, Jn} and a set of machines M = {M1, M2, …, Mm}. A number of ni operations {Oi1, Oi2, …, Oii, …, Oik, …, Oin} has to be performed to complete job Ji, in which several different types of flexible operation sections might be included.
 The SFJSP can be considered as consisting of many unique JSPs because of the sequence flexibility. For example, suppose that there are m1 flexible operation sections of type T1 and T31 as well as m2 flexible operation sections of type T2 and T32 in the problem, and the length of them are n11, n12, …, n1m1 and n21, n22, …, n2m2 respectively, then the SFJSP can be viewed as a set of p1 * p2 * … * pi * … * pm1 * n21! * n22! * … * n2m2!, where pi is the kinds of permutation and combination of the jth flexible operation section of type T1 and T31. While JSP consists of only a sequencing problem because the process plan of each job is given in advance, the SFJSP turns into a routing problem to determine the operations sequence of each job due to the real-time scheduling environment as well as a sequencing problem to order operations on each machine. In this paper, the objective is to minimize the makespan, so the objective function is defined as C = min(max Ck), k = 1, 2, …, m, where Ck is the completion time of machine k.
 The following assumptions are made for SFJSP: (1) Jobs are independent of each other. There are no precedence constraints among the
 operations of different jobs. (2) Machines are independent of each other. Each operation has to be processed on a
 predefined machine. (3) All jobs and machines are available at time 0. (4) Setup times and transportation times between operations are negligible. (5) Each operation must be completed without interruption once it starts. (6) A machine can process only one operation at a time, and one operation can only be
 processed on one machine at a time.
 3. PROPOSED GENETIC ALGORITHM
 The overall procedure of the proposed IGA is given in Fig. 1. There are two sub-problems in SFJSP: determination of flexible operation sequence and operations sequence on the machines. So IGA should be capable of solving the two sub-problems at the same time. First,
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 the initial population of IGA that is composed of a number of individual chromosomes is randomly generated. Each chromosome consists of two segments to deal with the two sub-problems. Each individual should be decoded to get the fitness measured by makespan. A new population will be formed by selecting the fitter individuals from the parent population. For every two individuals in the population, if a generated random value is less than a predetermined crossover probability pc, then the crossover should be applied to both segments in the chromosomes and two offspring would be generated to replace the parent individuals in the population. After crossover, for each individual in the population, if a generated random value is less than a predetermined mutation probability pm, the mutation will also be applied to both segments of the chromosome and a new offspring will be generated to replace the old individual. After the above operations, the population of a new generation is formed. For each generation, it is examined whether the algorithm has converged. The convergence is examined by both the expected objective value and the number of iteration predefined. If the algorithm has converged, the best individual of the current population is output as the optimal or sub-optimal solution. In general, except the selection mechanism, IGA has redesign the chromosome encoding schema、crossover operator and mutation operator Specifically for SFJSP, which are explained in detail in the following parts of this section.
 begin I = Initialize(popsize); while(termination condition is not met) do
 F = Fitness(I); I = Select(I,F); for(i=0;i<popsize-1;i++) P1 = I(i); P2 = I(++i);
 if(random value < cp ) [Off1,Off2]= Crossover(P1,P2); replace P1 and P2 with Off1 and Off2 in I;
 end; end; foreach chromosome Ch in I if(random value < mp ) Mch = Mutation(Ch); replace Ch with Mch in I; end; end; until converged;
 end; output the best solution;
 end;
 Figure 1: Pseudocode for IGA procedure.
 3.1 Encoding scheme
 A solution to SFJSP can be expressed by the processing sequence of flexible operations of all the jobs and the processing sequence of the operations on the machines. In IGA, a chromosome consists of the following two segments:
 (1) Sequence of flexible operations of all the jobs This part of chromosome is to determine the processing sequence of the flexible
 operations of each job, so that the process plan of each job can be determined. Genes of this part are composed of symbols and natural numbers. Suppose that there are sj flexible operation sections in the process plan of job Jj, and the length of the flexible operation sections are l1, l2, …, lsi respectively. Then the total length of this chromosome segment is:
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 1 1.
 The expression of this segment is Ti, Oj,f1, …, Oj,fn, Ti, …, Ti, On,f1, …, On,fn. Ti is the type of flexible operation section <Oj,f1, Oj,fn >, Ti ∈ {T1, T2, T31, T32}, and in the chromosome it is a symbol whose length is 1. Oj,f1, …, Oj,fn represents the processing sequence of the flexible operation section <Oj,f1, Oj,fn >, and in the chromosome they are natural numbers. For example, the expression T2, 5, 4, 7, 6 means that the processing sequence of the flexible operations in section T2 < 4, 7> is 5, 4, 7, 6.
 (2) Sequence of operations on all the machines This part of chromosome is to determine the processing sequence of all the operations on
 the machines. Operation-based representation is used for this part. Genes of this part are natural numbers. Gene value is the sequence number of a job. The total occurrence number of the job sequence number in this part equals to the total number of the job’s operations. So the length of this part of chromosome equals to the total number of operations of all the jobs, which can be expressed as ∑n
 i–1 ni. The jth appearance of a job sequence number from left to right represents the jth operation in the process plan determined by the first chromosome segment of the job. For example, the expression (1, 2, 2, 3, 3, 1, 1, 2) represents processing sequence of the operations O1,1 - O2,1 - O2,2 - O3,1 - O3,2 - O1,2 - O1,3 - O2,3. This encoding scheme can avoid generating infeasible individuals.
 3.2 Decoding scheme
 A feasible and active schedule could be obtained by decoding the chromosome. The first part of a chromosome should be firstly decoded to determine the process plan of each job. For the flexible operation section of type T1 and T2, the gene sequence in the chromosome is the sequence of the flexible operations in the section. For the flexible operation section of type T3, the sequence of flexible operations can be firstly determined as the gene sequence of flexible operation sections of type T31 in the chromosome. And for that there are also some flexible operation sections of type T32 in the section of type T31, so the operation sequence should be adjusted according to the gene sequence of flexible operation sections of type T32 in the chromosome after this section. Take the job shown in Table I for an example, suppose that the gene sequence of the flexible operation section T3 < T31 << 6, 10 >, {6}>, T32 < 8, 9 >> is T31, 7, 6, 8, 9, 10, T32, 9, 8, then operation sequence of the flexible operations in this section after decoded is 7, 6, 9, 8, 10.
 For the second part of a chromosome, from left to right, the operation that each gene represents can be determined by the decoded result of the first chromosome segment. For example, if the operation sequence of J2 determined by the first chromosome segment is 1, 3, 2, the sequence number corresponding to O2,2 in expression O1,1 - O2,1 - O2,2 - O3,1 - O3,2 - O1,2 - O1,3 - O2,3 is 3. In the same way, the sequence number corresponding to O2,3 is 2. Then the processing sequence of all the operations on each machine can be determined. Each operation will be placed on the appointed machine at the earliest possible start time.
 3.3 Initial population
 In order to keep the diversity of the population, each individual in the population is generated randomly. For the first part, the way of gene sequence generation depends on the type of the flexible operation section. For the flexible operation sections of type T1 or T31, the former operation of each free operation in the section is randomly chosen from a feasible region to determine the gene sequence. Take the flexible section T31 << 6, 10 >, {6}> for an example, the former operation sequence number of the sixth operation can be selected from the set {5, 7, 8,
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 9, 10}. If the random generated operation sequence number is 7, the gene sequence of this section is 7, 6, 8, 9, 10. For the sections of type T2 or T32, a random sequence of the flexible operations in the section is generated to determine the gene sequence in the chromosome. For the second part, the occurrence of a job sequence number should equal to the number of the operations in its process plan to avoid generating unfeasible chromosome. This procedure satisfies the flexible relationship between the flexible operations as well as the precedence relationships between other operations.
 3.4 Selection
 The individual with higher fitness should have a higher probability of being chosen over others for the new population. In this paper, since the objective of the SFJSP is to minimize the makespan, the individual with less completion time should have higher fitness. Suppose that the population size is N and Obi means the maximum completion time of individual i, Obmax = max{Obk│k = 1, 2, …, N} and Fi = Obmax – Obi. Then the fitness of individual i can be expressed as Eq. (1):
 N
 j j
 ii F
 Ff1
 (1)
 Once the fitness value of each individual has been assessed, the roulette wheel selection is implemented to select individuals for the new population.
 3.5 Crossover operator
 For the different encoding schemes for the two segments of the chromosome, the crossover operations for the two parts are different. First, two chromosomes are selected from the current population as parents, and some feasible subsets of genes of the two segments should be selected independently to be swapped between two parents for generating two new chromosomes as offspring. The crossover operations for the two parts are as follows:
 For the first part, several flexible operation sections need to be firstly selected by random for crossover. Genes in the selected sections are copied from one parent to the same positions of the offspring. The remaining genes are inherited from the other parent beginning with the first position.
 For the second part, the partial matching crossover operation is applied [30, 31]. Suppose the parent individuals that need crossover are P1 and P2 respectively.
 ),,,,,,,()3,1,2,3,1,2,2,1( 2,33,13,21,32,12,21,21,11 OOOOOOOOP
 ),,,,,,,()2,3,1,2,3,1,1,2( 3,22,33,12,21,32,11,11,22 OOOOOOOOP The crossover procedure of the second part is explained as follows: Step 1: Select a gene section of P1. Consider the selected section is 2, 1, 3, and the
 operations that genes in this section represent are O2,2, O1,2 and O3,1; Step 2: Genes in the selected section are copied to the same positions of offspring Off1; Step 3: The remaining genes of Off1 are copied from genes on P2 from left to right one by
 one except the genes that represent the operations O2,2, O1,2 and O3,1. Off2 is generated in the same way. Suppose the selected gene section of P2 is 3, 2, 1 and
 the corresponding operations are O3,1, O2,2 and O1,3. Then the offspring Off1 and Off2 are as follows:
 ),,,,,,,()2,3,1,3,1,2,1,2( 3,22,33,11,32,12,21,11,21 OOOOOOOOOff
 ),,,,,,,()3,2,1,2,3,1,2,1( 2,33,23,12,21,32,11,21,12 OOOOOOOOOff
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 In this way, unfeasible chromosomes after crossover could be avoided. So there is no need for chromosome correction.
 3.6 Mutation operator
 The mutation operations for the two different chromosome segments are also different: For the first chromosome segment, a flexible operation section is randomly selected. If
 type of the selected section is T1 or T31, a new former operation sequence number of the free operation is randomly selected from a feasible region, then a new gene sequence for this section could be generated. Else if type of the selected section is T2 or T32, reverse mutation operation is implemented. This means that the number gene sequence in the section should be reversed.
 For the second chromosome segment, the reverse mutation operation is adopted. First, a gene section is randomly selected, and gene sequence in this section is reversed.
 Obviously, the feasibility of the resulting offspring after mutation could be ensured.
 4. SIMULATIONS AND ANALYSES
 4.1 Simulation data
 Due to the lack of availability of SFJSP benchmark problems, simulation experiments have been performed on three instances selected from a bearing company located in Dalian, China. Each instance can be characterized by number of jobs (n) and maximum number of operations within all the jobs (Omax). 4.1.1 Problem 5×5 A small scale SFJSP instance of 5×5 with 22 operations and 4 machines is shown in Table II. Each operation can only be processed on a predefined machine with a processing time. The data of Table II is the processing equipment and time of the jth operation of job Ji. The symbol ‘–’ indicates that Ji doesn’t have that operation. The flexible operation sections of each job are shown in the second column of Table III. This problem can be viewed as 3!*3!*P2
 1= 72 JSPs.
 Table II: Problem 5×5 with 22 operations and 4 machines.
 Job 1O 2O 3O 4O 5O
 1J 1M (60) 2M (103) 3M (50) 3M (80) 4M (57)
 2J 1M (63) 2M (84) 3M (194) 2M (243) 4M (84)
 3J 1M (72) 2M (110) 3M (63) 4M (70) —
 4J 1M (72) 2M (90) 4M (285) — —
 5J 1M (72) 2M (97) 3M (168)
 2M (140) 3M (105)
 Table III: Flexible operation sections and operations order after IGA scheduling for problem
 5×5.
 Job Flexible operation sections Operations order after IGA scheduling
 1J T2 < 2, 4> 1-3-4-2-5
 2J T2 < 2, 4> 1-4-3-2-5
 5J T2 < 3, 4> 1-2-4-3-5
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 4.1.2 Problem 10×10 A middle scale SFJSP instance of 10×10 with 80 operations and 9 machines is depicted in detail in Table IV and Table V. This problem could be viewed as 3×212 JSPs.
 Table IV: Problem 10×10 with 80 operations and 9 machines.
 Job O1 O2 O3 O4 O5 O6 O7 O8 O9 O10
 1J 1M (63) 2M (105) 3M (50) 4M (63) 3M (57)
 4M (50) 5M (42) — — —
 2J 1M (63) 2M (84) 6M (194) 7M (194) 4M (84) 8M (168) 7M (97) 7M (84) 5M (42) —
 3J 1M (72) 2M (110) 3M (63)
 4M (70) 3M (70) 4M (63) 5M (50) — — —
 4J 1M (72) 2M (90) 6M (229) 7M (229) 4M (90) 8M (180) 7M (105) 7M (97) 5M (50) —
 5J 1M (72) 2M (126) 3M (126)
 4M (105) 3M (105) 4M (84) 5M (63) — — —
 6J 1M (72) 2M (97) 6M (168) 9M (126)
 4M (74) 8M (168) 9M (84) 5M (63) — —
 7J 1M (72) 2M (126) 3M (126)
 4M (105) 3M (105) 4M (84) 5M (63) — — —
 8J 1M (72) 2M (97) 6M (168) 9M (126)
 4M (74) 8M (168) 9M (84) 5M (63) — —
 9J 1M (72) 2M (360) 6M (504) 4M (280) 2M (126) 8M (420)
 4M (229) 5M (70) — —
 10J 1M (72) 2M (90) 6M (229) 7M (229) 5M (50)
 4M (90) 8M (180) 7M (105) 7M (97) 5M (50)
 Table V: Flexible operation sections and operations order after IGA scheduling for problem
 10×10.
 Job Flexible operation sections Operations order after IGA
 2J T2 < 2, 3>, T2 < 5, 6> 1-3-2-4-6-5-7-8-9
 4J T2 < 2, 3>, T2 < 5, 6> 1-3-2-4-5-6-7-8-9
 6J T2 < 3, 4>, T2 < 5, 6> 1-2-3-4-5-6-7-8
 8J T2 < 3, 4>, T2 < 5, 6> 1-2-4-3-6-5-7-8
 9J T1 < < 4, 6>, {5}> 1-2-3-4-6-5-7-8
 10J T2 < 3, 4>, T3 < T31 << 6, 9 >, {6}>, T32 < 7, 8 >> 1-2-4-3-5-7-8-9-6-10
 4.1.3 Problem 15×10 A large scale SFJSP instance of 15×10 with 124 operations and 8 machines is depicted in detail in Table VI and Table VII. This problem can be viewed as 3×224 JSPs.
 4.2 Simulation results and analyses
 Experiments of the three instances are computed by the IGA algorithm, which was implemented in MATLAB2011R and run on a PC with 2.4 GHz and 2 GB of RAM memory. After several rounds of testing, the probability for the crossover operator and mutation operator are set as pc = 0.8 and pm = 0.05 respectively and the other parameters are set as follows: for problem 5×5, the pop size Psize = 50 and the number of iterations T = 50; for problem 10×10 and problem 15×10, Psize = 100 and T = 100. The optimal process plans of the jobs with flexible operations for the three instances are shown in the third column of Table III, Table V and Table VII.
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 Table VI: Problem 15×10 with 124 operations and 8 machines.
 Job O1 O2 O3 O4 O5 O6 O7 O8 O9 O10
 1J 1M (63) 2M (105) 3M (50) 4M (63) 3M (57)
 4M (50) 5M (42) — — —
 2J 1M (63) 2M (84) 6M (194) 7M (194) 4M (84) 8M (168) 7M (97) 7M (84) 5M (42) —
 3J 1M (63) 2M (84) 6M (194) 6M (242)
 4M (84) 8M (168) 8M (122) 7M (84) 5M (42) —
 4J 1M (72) 2M (90) 6M (229) 7M (229) 5M (50) 4M (90) 8M (180) 7M (105) 7M (97) 5M (50)
 5J 1M (72) 2M (110) 3M (63)
 4M (70) 3M (70) 4M (63) 5M (50) — — —
 6J 1M (72) 2M (90) 6M (229) 7M (229)
 4M (90) 8M (180) 7M (105) 7M (97) 5M (50) —
 7J 1M (72) 2M (90) 6M (229) 6M (285)
 4M (90) 8M (180) 8M (132) 7M (97) 5M (50) —
 8J 1M (72) 2M (126) 3M (126)
 4M (105) 3M (105) 4M (84) 5M (63) — — —
 9J 1M (72) 2M (97) 6M (168) 6M (155)
 4M (74) 8M (168) 8M (105) 5M (63) — —
 10J 1M (72) 2M (97) 6M (168)
 2M (140) 4M (74) 8M (168) 4M (93) 5M (63) — —
 11J 1M (72) 2M (126) 3M (126) 4M (105) 3M (105)
 4M (84) 5M (63) — — —
 12J 1M (72) 2M (97) 6M (168)
 2M (140) 4M (74) 8M (168) 8M (105) 5M (63) — —
 13J 1M (72) 2M (97) 6M (168) 6M (157)
 4M (74) 8M (168) 4M (93) 5M (63) — —
 14J 1M (72) 2M (360) 6M (504) 4M (280) 2M (126) 8M (420)
 4M (229) 5M (70) — —
 15J 1M (72) 2M (90) 6M (229) 7M (229) 5M (50)
 4M (90) 8M (180) 7M (105) 7M (97) 5M (50)
 Table VII: Flexible operation sections and operations order after IGA scheduling for problem
 15×10.
 Job Flexible operation sections Operations order after IGA
 2J T2 < 2, 3>, T2 < 5, 6> 1-3-2-4-6-5-7-8-9
 3J T2 < 2, 3>, T2 < 5, 6> 1-3-2-4-5-6-7-8-9
 4J T2 < 3, 4>, T3 < T31 << 6, 9 >, {6}>, T32 < 7, 8 >> 1-2-4-3-5-7-6-8-9-10
 6J T2 < 2, 3>, T2 < 5, 6> 1-2-3-4-5-6-7-8-9
 7J T2 < 2, 3>, T2 < 5, 6> 1-3-2-4-6-5-7-8-9
 9J T2 < 3, 4>, T2 < 5, 6> 1-2-4-3-5-6-7-8
 10J T2 < 3, 4>, T2 < 5, 6> 1-2-3-4-5-6-7-8
 12J T2 < 3, 4>, T2 < 5, 6> 1-2-3-4-5-6-7-8
 13J T2 < 3, 4>, T2 < 5, 6> 1-2-4-3-6-5-7-8
 14J T1 << 4, 6 >, {5}> 1-2-3-4-6-5-7-8
 15J T2 < 3, 4>, T3 < T31 << 6, 9 >, {6}>, T32 < 7, 8 >> 1-2-4-3-5-6-7-8-9-10
 By the way, when neglecting the sequence flexibility, the SFJSP can be viewed as a
 classical JSP. It is obvious that the classical JSP can also be solved by IGA. This is because that the first segment of the chromosomes is empty and IGA becomes a complete unification algorithm with the classical GA algorithm for JSP [30, 31]. Therefore, through comparing with scheduling results for SFJSP’s corresponding JSP, the performance of IGA algorithm for SFJSP can be obtained.
 The comparison results are shown in Table VIII. The four rows signify the average computational time, the best makespan, the mean value of makespan and standard deviation of makespan obtained by twenty experiments. For each problem, the best makespan of SFJSP
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 solved by IGA is shorter than the corresponding JSP result, as shown in Fig. 2. Take problem 10×10 for example, the best makespan of SFJSP solved by IGA is 2461, which is 115 shorter than the JSP result 2576. But the computational time of IGA solving SFJSP is only about 1s longer than the time of IGA solving JSP. The comparison results show that taking the sequence flexibility of process plan into consideration, a more optimal scheduling result will be obtained only at small computational time cost. Both of the standard deviations of the two problems are smaller than 8.1, which can prove the validity and stability of IGA.
 Table VIII: Comparisons of the results.
 Problem 5×5 IGA solving
 JSP
 Problem 10×10 IGA solving
 JSP
 Problem 15×10 IGA solving
 JSP SFJSP JSP SFJSP JSP SFJSP JSP
 AV(CPUS) 3.455 3.268 8.679 7.868 16.679 14.868
 Best makespan 987 1011 2461 2576 3920 4111
 Mean value 987 1011 2467.2 2581.2 3933.3 4121.7
 Standard deviation 0 0 7.846 7.665 8.067 6.035
 900
 1700
 2500
 3300
 4100
 5*5 10*10 15*10
 Best makespan
 SFJSP
 JSP
 Figure 2: The comparisons of best makespan between SFJSP and JSP.
 5. CONCLUSIONS AND FUTURE STUDY This paper proposes an improved genetic algorithm to solve the job shop scheduling problem considering the operation sequence flexibility (SFJSP) which is more practical to some extent but has received less attention until now. The SFJSP includes a routing problem to select the optimal and suboptimal process sequence of flexible operations of each job and a sequencing problem to order operations on each machine. The proposed IGA is capable of solving the two problems of SFJSP simultaneously by improved chromosome encoding schema, crossover operator and mutation operator. The performance of IGA was firstly proved by a Simulation experiment with a benchmark JSP problem. Then, computational experiments on the realistic problems of a bearing enterprise showed that taking the sequence flexibility into consideration while scheduling, a more satisfying scheduling result could be achieved, and IGA could efficiently find a good approximate solution to SFJSP in a reasonable amount of computation time.
 Future work will propose a number of heuristic approaches for improving the ability of local search of the genetic algorithm. In addition, in most job-shop scheduling problems other constraints exist, such as operation flexibility and processing flexibility. Hybrid algorithm based on genetic algorithm and heuristic algorithm might be developed to solve JSP with more flexibility.
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