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Case Study: Fibonacci
 http://youtu.be/P0tLbl5LrJ8
 http://youtu.be/P0tLbl5LrJ8
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public class RecurseFib {! private static long computeFibRecursively( int n ) { if ( n<= 1 ) return 1; return computeFibRecursively( n-1 ) + computeFibRecursively( n-2 ); }! private static long computeFibIteratively( int n ) { if ( n<=1 ) return 1; long[] fibs = new long[ n+1 ]; fibs[0] = fibs[1] = 1; for ( int i=2; i<=n; i++ ) fibs[i] = fibs[i-1]+fibs[i-2]; return fibs[ fibs.length - 1 ]; } public static void main(String[] args) { for ( int N = 0; N < 100; N++ ) { long start = System.currentTimeMillis(); long Fib = computeFibRecursively( N ); //long Fib = computeFibIteratively( N ); long end = System.currentTimeMillis(); System.out.println( String.format( "Fib(%d) = %d, %1.2f msec", N, Fib, 1.0*(end-start) ) ); } }}
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Fib(0) = 1, 0.00 msecFib(1) = 1, 0.00 msecFib(2) = 2, 0.00 msecFib(3) = 3, 0.00 msecFib(4) = 5, 0.00 msecFib(5) = 8, 0.00 msecFib(6) = 13, 0.00 msecFib(7) = 21, 0.00 msecFib(8) = 34, 0.00 msecFib(9) = 55, 0.00 msecFib(10) = 89, 0.00 msecFib(11) = 144, 0.00 msecFib(12) = 233, 0.00 msecFib(13) = 377, 0.00 msecFib(14) = 610, 0.00 msecFib(15) = 987, 0.00 msecFib(16) = 1597, 1.00 msecFib(17) = 2584, 0.00 msecFib(18) = 4181, 1.00 msecFib(19) = 6765, 1.00 msecFib(20) = 10946, 1.00 msecFib(21) = 17711, 0.00 msecFib(22) = 28657, 0.00 msecFib(23) = 46368, 0.00 msecFib(24) = 75025, 0.00 msecFib(25) = 121393, 0.00 msecFib(26) = 196418, 0.00 msecFib(27) = 317811, 1.00 msecFib(28) = 514229, 1.00 msecFib(29) = 832040, 2.00 msecFib(30) = 1346269, 3.00 msecFib(31) = 2178309, 5.00 msecFib(32) = 3524578, 8.00 msecFib(33) = 5702887, 13.00 msecFib(34) = 9227465, 23.00 msecFib(35) = 14930352, 35.00 msecFib(36) = 24157817, 57.00 msecFib(37) = 39088169, 92.00 msecFib(38) = 63245986, 150.00 msecFib(39) = 102334155, 242.00 msecFib(40) = 165580141, 388.00 msecFib(41) = 267914296, 626.00 msecFib(42) = 433494437, 1011.00 msecFib(43) = 701408733, 1651.00 msecFib(44) = 1134903170, 2711.00 msecFib(45) = 1836311903, 4384.00 msec
 computeFibRecursively()
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time
 (ms)
 Nth Fibonacci Term
 computeFibRecursively()
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Fib(0) = 1, 0.00 msecFib(1) = 1, 0.00 msecFib(2) = 2, 0.00 msecFib(3) = 3, 0.00 msecFib(4) = 5, 0.00 msecFib(5) = 8, 0.00 msecFib(6) = 13, 0.00 msecFib(7) = 21, 0.00 msecFib(8) = 34, 0.00 msecFib(9) = 55, 0.00 msecFib(10) = 89, 0.00 msecFib(11) = 144, 0.00 msecFib(12) = 233, 0.00 msecFib(13) = 377, 0.00 msecFib(14) = 610, 0.00 msecFib(15) = 987, 0.00 msecFib(16) = 1597, 0.00 msecFib(17) = 2584, 0.00 msecFib(18) = 4181, 0.00 msecFib(19) = 6765, 0.00 msecFib(20) = 10946, 0.00 msecFib(21) = 17711, 0.00 msecFib(22) = 28657, 0.00 msecFib(23) = 46368, 0.00 msecFib(24) = 75025, 0.00 msecFib(25) = 121393, 0.00 msec
 …Fib(90) = 4660046610375530309, 0.00 msecFib(91) = 7540113804746346429, 0.00 msecFib(92) = -6246583658587674878, 0.00 msecFib(93) = 1293530146158671551, 0.00 msecFib(94) = -4953053512429003327, 0.00 msec
 Fib(26) = 196418, 0.00 msecFib(27) = 317811, 0.00 msecFib(28) = 514229, 0.00 msecFib(29) = 832040, 0.00 msecFib(30) = 1346269, 0.00 msecFib(31) = 2178309, 0.00 msecFib(32) = 3524578, 0.00 msecFib(33) = 5702887, 0.00 msecFib(34) = 9227465, 0.00 msecFib(35) = 14930352, 0.00 msecFib(36) = 24157817, 0.00 msecFib(37) = 39088169, 0.00 msecFib(38) = 63245986, 0.00 msecFib(39) = 102334155, 0.00 msecFib(40) = 165580141, 0.00 msecFib(41) = 267914296, 0.00 msecFib(42) = 433494437, 0.00 msecFib(43) = 701408733, 0.00 msecFib(44) = 1134903170, 0.00 msecFib(45) = 1836311903, 0.00 msecFib(46) = 2971215073, 0.00 msecFib(47) = 4807526976, 0.00 msecFib(48) = 7778742049, 0.00 msecFib(49) = 12586269025, 0.00 msecFib(50) = 20365011074, 0.00 msec
 computeFibIteratively()
 (Using System.currentTimeMillis() to measure elapsed time)
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Fib(0) = 1, 0.00 msecFib(1) = 1, 0.00 msecFib(2) = 2, 0.00 msecFib(3) = 3, 0.00 msecFib(4) = 5, 0.00 msecFib(5) = 8, 0.00 msecFib(6) = 13, 0.00 msecFib(7) = 21, 0.00 msecFib(8) = 34, 0.00 msecFib(9) = 55, 0.00 msecFib(10) = 89, 0.00 msecFib(11) = 144, 0.00 msecFib(12) = 233, 0.00 msecFib(13) = 377, 0.00 msecFib(14) = 610, 0.00 msecFib(15) = 987, 0.00 msecFib(16) = 1597, 0.00 msecFib(17) = 2584, 0.00 msecFib(18) = 4181, 0.00 msecFib(19) = 6765, 0.00 msecFib(20) = 10946, 0.00 msecFib(21) = 17711, 0.00 msecFib(22) = 28657, 0.00 msecFib(23) = 46368, 0.00 msecFib(24) = 75025, 0.00 msecFib(25) = 121393, 0.00 msec
 …Fib(90) = 4660046610375530309, 0.00 msecFib(91) = 7540113804746346429, 0.00 msecFib(92) = -6246583658587674878, 0.00 msecFib(93) = 1293530146158671551, 0.00 msecFib(94) = -4953053512429003327, 0.00 msec
 Fib(26) = 196418, 0.00 msecFib(27) = 317811, 0.00 msecFib(28) = 514229, 0.00 msecFib(29) = 832040, 0.00 msecFib(30) = 1346269, 0.00 msecFib(31) = 2178309, 0.00 msecFib(32) = 3524578, 0.00 msecFib(33) = 5702887, 0.00 msecFib(34) = 9227465, 0.00 msecFib(35) = 14930352, 0.00 msecFib(36) = 24157817, 0.00 msecFib(37) = 39088169, 0.00 msecFib(38) = 63245986, 0.00 msecFib(39) = 102334155, 0.00 msecFib(40) = 165580141, 0.00 msecFib(41) = 267914296, 0.00 msecFib(42) = 433494437, 0.00 msecFib(43) = 701408733, 0.00 msecFib(44) = 1134903170, 0.00 msecFib(45) = 1836311903, 0.00 msecFib(46) = 2971215073, 0.00 msecFib(47) = 4807526976, 0.00 msecFib(48) = 7778742049, 0.00 msecFib(49) = 12586269025, 0.00 msecFib(50) = 20365011074, 0.00 msec
 computeFibIteratively()
 (Using System.currentTimeMillis() to measure elapsed time)
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Fib(1) = 1, 1.000 usecFib(2) = 2, 1.000 usecFib(4) = 5, 1.000 usecFib(8) = 34, 1.000 usecFib(16) = 1597, 1.000 usecFib(32) = 3524578, 1.000 usecFib(64) = 17167680177565, 2.000 usecFib(128) = 8102862946581596898, 3.000 usecFib(256) = 616433998583868189, 5.000 usecFib(512) = 6170756297511278306, 12.000 usecFib(1024) = 3319292459396874525, 21.000 usecFib(2048) = 4696544559168440034, 46.000 usecFib(4096) = -4517641926495692515, 83.000 usecFib(8192) = -3883760004939118878, 254.000 usecFib(16384) = 4788905422492891421, 341.000 usecFib(32768) = -8932642861555448094, 764.000 usecFib(65536) = 4169236831028050205, 1434.000 usec
 computeFibIteratively()(Using System.nanoTime() to measure elapsed time)
 time
 (us)
 Nth Fibonacci Term
 computeFibIteratively()
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import java.math.BigInteger;!public class RecurseFibBigInteger {! private static BigInteger computeFibIteratively( int n ) { if ( n<=1 ) return BigInteger.valueOf( 1 ); BigInteger[] fibs = new BigInteger[ n+1 ]; fibs[0] = fibs[1] = BigInteger.valueOf( 1 ); for ( int i=2; i<=n; i++ ) fibs[i] = fibs[i-1].add( fibs[i-2] ); return fibs[ fibs.length - 1 ]; }! private static String format( BigInteger x ) { String s = x.toString(); if ( s.length() > 40 ) { return s.substring(0, 10) + String.format( "...(%d digits)...", ( s.length()-20 ) ) + s.substring( s.length()-10, s.length()-1 ); } else return s; }! public static void main(String[] args) { for ( int N = 1; N < 100000; N = N*2 ) { long start = System.nanoTime(); //long Fib = computeFibRecursively( N ); BigInteger Fib = computeFibIteratively( N ); long end = System.nanoTime(); System.out.println( String.format( "Fib(%d) = %s, %1.3f usec", N, format( Fib ), (end-start)/1000.0f ) ); } }}
 If You Are
 Curious …
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Moral of the Story:!"All Algorithms are Equal!But Some are more Equal !
 than Others."
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We need to calculate the number of
 operations performed by our programs
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Statement Examples Cost (time)
 Declaration int i; constant
 Assignment i = 3; list = new …; constant
 Arithmetic i + j i++ constant
 Test if ( a < 10 )… constant
 Loopfor (int i=0; i<N; i++ ) { // body }
 TdeclN*T
 = N*T
 FunctionCall a = myFunc(…) constant + T
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Statement Examples Cost (time)
 PassingParameters myFunc( table, stack); constant
 Instantiating!Object Stack s = new Stack(); It depends on
 the constructor
 Declaring!an Array int[] a = new int[1000]; constant
 Accessing!ith element!
 of arrayx = Fib[i-1]; constant
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An Example

Page 17
						

1: private static long computeFibIteratively( int n ) { 2:if ( n<=1 ) 3: return 1; 4:long[] fibs = new long[ n+1 ]; 5:fibs[0] = fibs[1] = 1; 6:for ( int i=2; i<=n; i++ ) 7: fibs[i] = fibs[i-1]+fibs[i-2]; 8:return fibs[ fibs.length - 1 ]; 9:}
 1: c1 2: c2 3: c3 4: c4+c5 5: c6+c7+c8+c9 6: c10+(n-2)*(c11) 7: (n-2)*(c12) 8: c13 9: 0
 Time Program

Page 18
						

1: private static long computeFibIteratively( int n ) { 2:if ( n<=1 ) 3: return 1; 4:long[] fibs = new long[ n+1 ]; 5:fibs[0] = fibs[1] = 1; 6:for ( int i=2; i<=n; i++ ) 7: fibs[i] = fibs[i-1]+fibs[i-2]; 8:return fibs[ fibs.length - 1 ]; 9:}
 Time Program
 Total Time = Σ(ci) + (n-2)*Σ(cj) = C1 * n + C2
 1: c1 2: c2 3: c3 4: c4+c5 5: c6+c7+c8+c9 6: c10+(n-2)*(c11) 7: (n-2)*(c12) 8: c13 9: 0
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Execution Time proportional to n! We knew that!
 time
 (us)
 Nth Fibonacci Term
 computeFibIteratively()
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Dropping the Constants

Page 21
						

Assume Algorithm with Following Time Complexity
 T(n) = 3 n^2 + 10000 n + 1000000
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Dropping the Constants
 T(n) = 3 n^2 + 10000 n + 1000000
 T(n) = 3 n^2 + 10000 n + 1000000
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Linear Scale
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Log Scale
 }}
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Why is 2^n Growth Rate Bad?

Page 26
						

T(n) = Something that grows
 like n^2
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Introducing BIG-O

Page 28
						

Definition
 f(n) is O(g(n)) if there exist positive numbers c and N such that !
 f(n) <= cg(n) for all n >= N
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Is T(n)=3n^2 +1000n + 1E6 O(n^2)?
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But… 3n^2 +1000n + 1E6 is O(n^3) too!
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f(n) = O( n^2)y=c.n^2
 Range of Function Growth
 “if algorithm has O(n^2) time complexity, it will not take !more than c * n^2 time units to execute when the problem
 is big enough.”
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Introducing BIG-Ω(big Omega)

Page 33
						

Definition
 f(n) is Ω(g(n)) if there exist positive numbers c and N such that !
 f(n) >= cg(n) for all n >= N
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Is T(n)=3n^2 +1000n + 1E6 Ω(n^2)?
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But… 3n^2 +1000n + 1E6 is also Ω(n)
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f(n) = Ω( n^2)
 y=c.n^2
 Range of Function Growth
 “if algorithm has Ω(n^2) time complexity, it will not take !less than c * n^2 time units to execute when
 the problem is big enough.”
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Ω+O = Θ

Page 38
						

Definition
 f(n) is Θ(g(n)) if there exists positive numbers c1, c2, and N such that !
 c1g(n) >= f(n) >= c2g(n) for all n >= N

Page 39
						


Page 40
						

Conclusion:
 T(n)=3n^2 +1000n + 1E6 is O(n^2), is Ω(n^2),
 and therefor, is Θ(n^2)
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Worst, Average,and Best Cases

Page 42
						

Question 1: What are the time complexities of index() in the Best, Average, and Worst Cases? !
 Question 2: For Successful Searches? !
 Question 3: For Unsuccessful Searches?
 0 5 5 0 1 9 8 205 7 1 2 16 1 3 0List0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
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Time Complexity
 Vector LinkedList Doubly!LinkedList
 ArrayList!(based on
 Vector)
 AddFront
 AddTail
 RemoveFront
 RemoveTail
 Index
 InsertAt
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