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MATH 1920 Final reviewYing-Ying Tran 2016 May 10
 Review
 • Chapter 13: Vector geometry
 – vectors
 – dot products
 – cross products
 – planes
 – quadratic surfaces
 – cylindrical and spherical coordinates
 • Chapter 14: Calculus of vector-valued functions
 – vector functions
 – arc length
 • Chapter 15: Di↵erentiation in several variables
 – level sets
 – partial derivatives
 – di↵erentiability and tangent planes
 – gradient and directional derivatives
 – chain rule
 – optimization in several variables
 – Lagrange multipliers
 • Chapter 16: Multiple integration
 – integration in two and three variables
 – integration in polar, cylindrical, and spherical coordinates
 – applications
 • Chapter 17: Line and surface integrals
 – scalar line integral
 – vector line integral
 – scalar surface integral
 – vector surface integral
 – conservative vector fields
 • Chapter 18: Fundamental theorems of vector analysis
 – Green’s theorem
 – Stokes’ theorem
 – Divergence theorem
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TA: My Huynh Discussion 27 - Final ReviewMATH 1920 Sections 209/214 December 01, 2016
 1. Justify the following statement: The flux of F = (x3, y
 3, z
 3) through every closedsurface is positive.
 2. Let S be a unit sphere x2+y
 2+z
 2 = 1 and F(x, y, z) = (zy4�y
 2, y�x
 3, z
 2). EvaluateZZ
 S
 (r⇥ F) · dS.
 3. Evaluate the flux Z
 S
 F · dS
 if F(x, y, z) = (x2�y
 2z, 3z�cos x, 4y2) and S is the boundary (surface) of the region
 bounded by 4x+2y+z = 4 (first octant) and the coordinate planes. The orientationis given by the outward pointing normal.
 1
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MATH 1920 Final reviewYing-Ying Tran 2016 May 10
 Exercises
 1. (18.1.26) Let F be the vortex vector field
 F(x, y) =
 ⌧�y
 x
 2 + y
 2,
 x
 x
 2 + y
 2
 �.
 In section 16.3, we verified that
 Z
 CR
 F · dr = 2⇡, where CR
 is the circle of radius R centered at the origin.
 Prove that
 I
 CF · dr = 2⇡ for any simple closed curve C whose interior contains the origin. Hint: Apply the
 general form of Green’s Theorem to the domain between C and CR
 where R is so small that CR
 is containedin C.
 2. (18.1.28) Estimate the circulation of a vector field F around a circle of radius R = 0.1, assuming that curlz
 (F)takes the value 4 at the center of the circle.
 3. (18.1.40) If v is the velocity field of a fluid, the flux of v across C is equal to the flow rate (amount of fluidflowing across C in square meters per second). Find the flow rate across the circle of radius 2 centered at theorigin if div(v) = x
 2.
 4. (18.2.6) Calculate curl(F) if F =Dx+ y, z
 2 � 4, xpy
 2 + 1E. Then apply Stokes’ theorem to compute the
 flux of curl(F) through the surface of the wedge-shaped box below (bottom included, top excluded) withoutward-pointing normal.
 S E C T I O N 17.2 Stokes’ Theorem (LT SECTION 18.2) 2727
 In Exercises 5–10, calculate curl(F) and then apply Stokes’ Theorem to compute the flux of curl(F) throughthe given surface using a line integral.
 5. F =!ez2 − y, ez3 + x, cos(xz)
 ", the upper hemisphere x2 + y2 + z2 = 1, z ≥ 0 with outward-pointing
 normal
 solution curl(F) is
 curl(F) =
 ######
 i j k∂x ∂y ∂z
 ez2 − y ez3 + x cos(xz)
 ######=
 !−3z2ez3
 , 2zez2 + z sin(xz), 2".
 We compute the flux of the curl through the surface by using Stokes’ Theorem and computing the lineintegral around the boundary curve. The boundary curve is the unit circle oriented in the counterclockwisedirection, using the orientation rule described at the start of this section. We use the parametrization γ (t) =⟨cos t, sin t, 0⟩ , 0 ≤ t ≤ 2π . Then
 F(γ (t)) · γ ′(t) =!e0 − sin t, e0 + cos t, cos(0)
 "· ⟨− sin t, cos t, 0⟩
 = ⟨1 − sin t, 1 + cos t, 1⟩ · ⟨− sin t, cos t, 0⟩= − sin t (1 − sin t) + cos t (1 + cos t) + 0
 = − sin t + sin2 t + cos t + cos2 t
 = 1 − sin t + cos t,
 and the line integral is:$
 CF · ds =
 $ 2π
 0(1 − sin t + cos t) dt = t + cos t + sin t
 ##2π
 0 = 2π.
 6. F =!x + y, z2 − 4, x
 %y2 + 1)
 ", surface of the wedge-shaped box in Figure 15 (bottom included, top
 excluded) with outward-pointing normal
 y
 x + y = 1
 z
 2
 x
 (0, 1, 2)
 (1, 0, 2)
 1
 1
 FIGURE 15
 solution curl(F) is
 curl(F) =
 ######
 i j k∂x ∂y ∂z
 x + y z2 − 4 x%
 y2 + 1
 ######=
 &xy
 %y2 + 1
 − 2z, −'
 y2 + 1, −1
 (
 .
 We compute the flux of the curl through the surface by using Stokes’Theorem and computing the line integralaround the boundary curve. The oriented boundary of this surface is the triangle at height z = 2, orientedclockwise (when viewed from above). By Stokes’ Theorem, the flux of curl(F) is equal to the line integral ofF around the oriented boundary. The restriction of F to the boundary, where z = 2 is
 F =)x + y, 0, x
 'y2 + 1
 *.
 5. (18.2.28) Suppose that F has a vector potential and that F(x, y, 0) = k. Find the flux of F through thesurface S pictured below, oriented with an upward-pointing normal.
 2744 C H A P T E R 17 FUNDAMENTAL THEOREMS OF VECTOR ANALYSIS (LT CHAPTER 18)
 yx
 z
 0en
 B = (0, 0, )13
 A = (0, , )12
 12
 The unit normal vector in the positive x-direction is
 en = ⟨1, 0, 0⟩ (2)
 We compute the area of the parallelogram spanned by the vectors−→OA =
 !0, 1
 2 , 12
 "and
 −→OB =
 !0, 0, 1
 3
 ":
 −→OA × −→
 OB = 12(j + k) × 1
 3k = 1
 6(j × k + k × k) = 1
 6i
 A(P ) =####
 16
 i#### = 1
 6(3)
 We now substitute v0 = ⟨3, 1, 4⟩, (2), and (3) in (1) to obtain the approximation$
 CF · dr ≈ ⟨3, 1, 4⟩ · ⟨1, 0, 0⟩ · 1
 6= 3 · 1
 6= 1
 2
 27. You know two things about a vector field F:(i) F has a vector potential A (but A is unknown).
 (ii) The circulation of A around the unit circle (oriented counterclockwise) is 25.Determine the flux of F through the surface S in Figure 22, oriented with an upward-pointing normal.
 S
 y
 x
 z
 1
 Unit circle
 FIGURE 22 Surface S whose boundary is the unit circle.
 solution Since F has a vector potential—that is, F is the curl of a vector field—the flux of F through asurface depends only on the boundary curve C. Now, the surface S and the unit disc S1 in the xy-plane sharethe same boundary C. Therefore,
 $$
 SF · dS =
 $$
 S1
 F · dS (1)
 x
 z
 1
 1
 D
 6. (18.2.32) Assume that f and g have continuous partial derivatives of order 2. Prove that
 I
 @Sfrg · dr =
 ZZ
 Srf ⇥ rg · dS.
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7. (18.3.pre2) Justify the following statement: The flux of F =⌦x
 3, y
 3, z
 3↵through every closed surface is
 positive.
 8. (18.3.36) Let F = r
 n
 e
 r
 , where n is any number, r = (x2 + y
 2 + z
 2)1/2, and e
 r
 = hx, y, zi /r is the unit radialvector.
 (a) Calculate div(F).
 (b) Calculate the flux of F through the surface of a sphere of radius R centered at the origin. For whichvalues of n is this flux independent of R?
 9. (18.3.38) Assume that ' is harmonic. Show that div('r') = kr'k2 and conclude that
 ZZ
 @W'Dn' dS =
 ZZZ
 Wkr'k2 dV.
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Partial answers:
 1. Apply Divergence theorem!
 2. 0
 3. 2/3
 2
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MATH 1920 Final reviewYing-Ying Tran 2016 May 10
 Partial Exercise Answers
 1. (18.1.26) Let F be the vortex vector field
 F(x, y) =
 ⌧�y
 x
 2 + y
 2,
 x
 x
 2 + y
 2
 �.
 In section 16.3, we verified that
 Z
 CR
 F · dr = 2⇡, where CR
 is the circle of radius R centered at the origin.
 Prove that
 I
 CF · dr = 2⇡ for any simple closed curve C whose interior contains the origin. Hint: Apply the
 general form of Green’s Theorem to the domain between C and CR
 where R is so small that CR
 is containedin C.
 Solution: Let R > 0 be su�ciently small so that the circle CR
 is contained in C. Let D denote the regionbetween C
 R
 and C. We apply Green’s Theorem to the region D, where the curves C and CR
 are both orientedcounterclockwise. This gives
 Z
 CF · dr �
 Z
 CR
 F · dr =
 ZZ
 D
 ✓@F2
 @x
 � @F1
 @y
 ◆dA. (1)
 Now,
 @F2
 @x
 =(x2 + y
 2) � x(2x)
 (x2 + y
 2)2=
 y
 2 � x
 2
 (x2 + y
 2)2
 @F1
 @y
 =(x2 + y
 2)(�1) + y(2y)
 (x2 + y
 2)2=
 y
 2 � x
 2
 (x2 + y
 2)2.
 Since we are given thatRCR
 F · dr = 2⇡, substituting in (1) we obtain
 Z
 CF · dr � 2⇡ =
 ZZ
 D0 dA = 0
 or
 Z
 CF · dr = 2⇡.
 2. (18.1.28) Estimate the circulation of a vector field F around a circle of radius R = 0.1, assuming that curlz
 (F)takes the value 4 at the center of the circle.
 Answer: ⇡/25
 3. (18.1.40) If v is the velocity field of a fluid, the flux of v across C is equal to the flow rate (amount of fluidflowing across C in square meters per second). Find the flow rate across the circle of radius 2 centered at theorigin if div(v) = x
 2.
 Answer: 4⇡
 4. (18.2.6) Calculate curl(F) if F =Dx+ y, z
 2 � 4, xpy
 2 + 1E. Then apply Stokes’ theorem to compute the
 flux of curl(F) through the surface of the wedge-shaped box below (bottom included, top excluded) withoutward-pointing normal.
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S E C T I O N 17.2 Stokes’ Theorem (LT SECTION 18.2) 2727
 In Exercises 5–10, calculate curl(F) and then apply Stokes’ Theorem to compute the flux of curl(F) throughthe given surface using a line integral.
 5. F =!ez2 − y, ez3 + x, cos(xz)
 ", the upper hemisphere x2 + y2 + z2 = 1, z ≥ 0 with outward-pointing
 normal
 solution curl(F) is
 curl(F) =
 ######
 i j k∂x ∂y ∂z
 ez2 − y ez3 + x cos(xz)
 ######=
 !−3z2ez3
 , 2zez2 + z sin(xz), 2".
 We compute the flux of the curl through the surface by using Stokes’ Theorem and computing the lineintegral around the boundary curve. The boundary curve is the unit circle oriented in the counterclockwisedirection, using the orientation rule described at the start of this section. We use the parametrization γ (t) =⟨cos t, sin t, 0⟩ , 0 ≤ t ≤ 2π . Then
 F(γ (t)) · γ ′(t) =!e0 − sin t, e0 + cos t, cos(0)
 "· ⟨− sin t, cos t, 0⟩
 = ⟨1 − sin t, 1 + cos t, 1⟩ · ⟨− sin t, cos t, 0⟩= − sin t (1 − sin t) + cos t (1 + cos t) + 0
 = − sin t + sin2 t + cos t + cos2 t
 = 1 − sin t + cos t,
 and the line integral is:$
 CF · ds =
 $ 2π
 0(1 − sin t + cos t) dt = t + cos t + sin t
 ##2π
 0 = 2π.
 6. F =!x + y, z2 − 4, x
 %y2 + 1)
 ", surface of the wedge-shaped box in Figure 15 (bottom included, top
 excluded) with outward-pointing normal
 y
 x + y = 1
 z
 2
 x
 (0, 1, 2)
 (1, 0, 2)
 1
 1
 FIGURE 15
 solution curl(F) is
 curl(F) =
 ######
 i j k∂x ∂y ∂z
 x + y z2 − 4 x%
 y2 + 1
 ######=
 &xy
 %y2 + 1
 − 2z, −'
 y2 + 1, −1
 (
 .
 We compute the flux of the curl through the surface by using Stokes’Theorem and computing the line integralaround the boundary curve. The oriented boundary of this surface is the triangle at height z = 2, orientedclockwise (when viewed from above). By Stokes’ Theorem, the flux of curl(F) is equal to the line integral ofF around the oriented boundary. The restriction of F to the boundary, where z = 2 is
 F =)x + y, 0, x
 'y2 + 1
 *.
 Answer: curl(F) =
 ⌧xypy
 2+1� 2z,�
 py
 2 + 1,�1
 �; flux 1/2
 5. (18.2.28) Suppose that F has a vector potential and that F(x, y, 0) = k. Find the flux of F through thesurface S pictured below, oriented with an upward-pointing normal.
 2744 C H A P T E R 17 FUNDAMENTAL THEOREMS OF VECTOR ANALYSIS (LT CHAPTER 18)
 yx
 z
 0en
 B = (0, 0, )13
 A = (0, , )12
 12
 The unit normal vector in the positive x-direction is
 en = ⟨1, 0, 0⟩ (2)
 We compute the area of the parallelogram spanned by the vectors−→OA =
 !0, 1
 2 , 12
 "and
 −→OB =
 !0, 0, 1
 3
 ":
 −→OA × −→
 OB = 12(j + k) × 1
 3k = 1
 6(j × k + k × k) = 1
 6i
 A(P ) =####
 16
 i#### = 1
 6(3)
 We now substitute v0 = ⟨3, 1, 4⟩, (2), and (3) in (1) to obtain the approximation$
 CF · dr ≈ ⟨3, 1, 4⟩ · ⟨1, 0, 0⟩ · 1
 6= 3 · 1
 6= 1
 2
 27. You know two things about a vector field F:(i) F has a vector potential A (but A is unknown).
 (ii) The circulation of A around the unit circle (oriented counterclockwise) is 25.Determine the flux of F through the surface S in Figure 22, oriented with an upward-pointing normal.
 S
 y
 x
 z
 1
 Unit circle
 FIGURE 22 Surface S whose boundary is the unit circle.
 solution Since F has a vector potential—that is, F is the curl of a vector field—the flux of F through asurface depends only on the boundary curve C. Now, the surface S and the unit disc S1 in the xy-plane sharethe same boundary C. Therefore,
 $$
 SF · dS =
 $$
 S1
 F · dS (1)
 x
 z
 1
 1
 D
 Answer: ⇡
 6. (18.2.32) Assume that f and g have continuous partial derivatives of order 2. Prove thatI
 @Sfrg · dr =
 ZZ
 Srf ⇥ rg · dS.
 Solution: Note that
 curl(frg) =
 ⌧@
 @x
 ,
 @
 @y
 ,
 @
 @z
 �⇥ hfg
 x
 , fg
 y
 , fg
 z
 i = h(fgz
 )y
 � (fgy
 )z
 , (fgx
 )z
 � (fgz
 )x
 , (fgy
 )x
 � (fgx
 )y
 i
 = hfy
 g
 z
 � f
 z
 g
 y
 , f
 z
 g
 x
 � f
 x
 g
 z
 , f
 x
 g
 y
 � f
 y
 g
 x
 i = hfx
 , f
 y
 , f
 z
 i ⇥ hgx
 , g
 y
 , g
 z
 i = rf ⇥ rg.
 Thus by Stokes’ theorem and the above equation, we haveZ
 @Sfrg · dr =
 ZZ
 Scurl(frg) · dS =
 ZZ
 Srf ⇥ rg · dS.
 7. (18.3.pre2) Justify the following statement: The flux of F =⌦x
 3, y
 3, z
 3↵through every closed surface is
 positive.
 Solution: Note div(F) = 3(x2 + y
 2 + z
 2) > 0 for all (x, y, z) 6= (0, 0, 0). Therefore by the Divergencetheorem, the flux of F through a closed surface S is
 ZZ
 SF · dS =
 ZZZ
 W3(x2 + y
 2 + z
 2) dV > 0.
 8. (18.3.36) Let F = r
 n
 e
 r
 , where n is any number, r = (x2 + y
 2 + z
 2)1/2, and e
 r
 = hx, y, zi /r is the unit radialvector.
 (a) Calculate div(F).
 Answer: (n+ 2)rn�1
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(b) Calculate the flux of F through the surface of a sphere of radius R centered at the origin. For whichvalues of n is this flux independent of R?
 Answer: flux 4⇡Rn+2; independent if and only if n = �2
 9. (18.3.38) Assume that ' is harmonic. Show that div('r') = kr'k2 and conclude that
 ZZ
 @W'Dn' dS =
 ZZZ
 Wkr'k2 dV.
 Solution: First notice
 div('r') = div(''x
 ,''
 y
 ,''
 z
 ) = (''x
 )x
 + (''y
 )y
 + (''z
 )z
 = '
 2x
 + ''
 xx
 + '
 2y
 + ''
 yy
 + '
 2z
 + ''
 zz
 = kr'k2 + '�'.
 Since ' is harmonic, �' = 0, so div('r') = kr'k2 and
 ZZ
 @W'Dn' dS =
 ZZ
 @W'r' · n dS =
 ZZ
 @W'r' · dS =
 ZZZ
 Wdiv('r') dV =
 ZZZ
 Wkr'k2 dV.
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