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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Why material objectivity ?
 O +
 Ow , w = 0
 m
 For O everything stands still. He observes a spring, extended.He thinks to himself:"Some mysterious force is pulling on the mass, very strange."
 O+ sees the whole system rotating.He inferres that the spring is extended by a centrifugal force.
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Why material objectivity ?
 O +
 Ow , w = 0
 m
 For observer O:xv = 0a = 0
 For observer O+:x+ = Rxv+ = Rx = RRT Rx = RRT x+ = ωωω×x+
 a+ = ωωω × (ωωω × x+)
 mm aF
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Objectivity means that the mechanical event has to be uniqueindependent from the point of reference.
 w
 m e 2e 1
 e 2
 e 3+
 e 2 = R e 2
 ++
 +
 R
 For observer O : σσσ = σ e2 ⊗ e2
 For observer O+: σσσ = σ e2 ⊗ e2 = σRT e+2 ⊗RT e+
 2 = RT σσσ+R
 O+ observes the same stress tensor in his frame, if the stress tensortransforms according to σσσ+ = RσσσRT !
 For inertial frames (ωωω = 0), the mechanical equations are equivalent.Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Galileo Galilei (1564 - 1642) said:
 ”The mechanical event is independent from the observer.For frames moving uniformely with respect to each other, both statesare mechanically equivalent.”
 Put short: Frame invariance with respect to inertial frames(for so-called Galileian transformations with ωωω = 0 , c = 0).
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Isaac Newton (1643 - 1727) said:
 ”The mechanical event is independent from the observer.This holds also for accelerated systems if the frames of referencesare fixed with respect to absolute space (with respect to the fixedstars)”
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Albert Einstein (1879 - 1955) said:
 ”The mechanical event is independent from the observer.There is no special reference point. The same holds foraccelerated systems (general relativity).”
 ”Even more, if the theory is subjected to relativity, it should begenerally covariant under all transformations, not justrigid body motions.”
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 The active approach to material objectivity:
 One observer, mechanical event is moving (rigid-body movement).
 e 1e 2
 e 3s
 Ps +
 Px + = Q x + c
 x x +
 The mechanical event is the same for both states of the stress tensortransforms objectively according to
 σσσ+ = RσσσRT
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 The passive approach to material objectivity (frame indifference):
 One mechanical event, two observers moving w. r. t. each other.
 Pe 1e 2
 e 3e 1
 e 2
 e 3
 x x +
 s
 x + = Q x + c+
 +
 +
 The mechanical event is observed similarly in both reference framesif the stress tensor transforms objectively according to
 σσσ+ = RσσσRT
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 General rules for material objective tensors
 Definitions:
 A 2nd-order tensor is objective if it transforms like (·)+ = Q(·)QT
 A vector is objective if it transforms like (·)+ = Q(·)
 A scalar is objective if it transforms like (·)+ = (·)
 or put short:
 (·)+ = Q?((·))
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Consider: x+ = Qx
 ⇒ ∂x+
 ∂x∂x∂X
 = Q∂x∂X⇒ F+ = QF
 Can σσσ be objective, if σσσ = σσσ(F) e.g. σσσ = a0 F ?
 No, since σσσ+ = a0 F+ = a0 QF = Qσσσ 6= QσσσQT
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Some examples:
 FF−1 = (FF−1)sym + (FF−1)skew = d + W
 F+F+−1 = QQT + QFF−1QT
 = QQT + QWQT︸ ︷︷ ︸(F+F+−1)skew
 + QdQT︸ ︷︷ ︸(F+F+−1)sym
 ⇒ d transforms objective, W not !
 C = FT F⇒ C+ = F+ T F+ = FT QT QF = FT F = C
 C is not affected by any movement of the current frame,i.e., C is automatically objective.
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Let us assume general material objectivity:
 σσσ+ = Qσσσ(F)QT = Qσσσ(QT F+)QT F+ = QF
 Since Q is arbitrary, we may select Q = R (from F = RU) such that:
 ⇒ σσσ = Rσσσ(U)RT = Rσσσ(√
 C)RT = Rσσσ(C)RT
 If σσσ(C) is defined with respect to a back-rotated initial configuration,where C = FT F is the so-called right CAUCHY-GREEN-tensor,σσσ transforms objective since R transforms according to R+ = QR!
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Consider: S = F−1τττF−T (2nd PIOLA-KIRCHHOFF stress tensor)
 τττ = RT(C)RT
 S+ = (F−1τττF−T )+ = F+−1τττ+F+−T
 = F−1QT QτττQT QF−T = F−1τττF−T = U−1T(C)U−1 = S(C)
 ⇒ S(C) is defined completely in quantities of the fixed initial stateand is, thus, automatically objective.
 For example: S(C) = a0 tr(C) I + b0 dev(C)
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Is the time rate of σσσ objective?
 Consider: σσσ+ = ˙QσσσQT = QQTσσσ+ + σσσ+QQT + QσσσQT
 ⇒ The material time rate of σσσ is not objective.
 However, considering a corotated time rate, we have:
 σσσ= σσσ − RRTσσσ − σσσRRT = σσσ −ΩΩΩσσσ + σσσΩΩΩ
 where ΩΩΩ = RRT is a certain spin tensor.
 Then,σσσ is objective!
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Proof:
 σσσ+ =
 QσσσQT = ˙QσσσQT −ΩΩΩ+σσσ+ + σσσ+ΩΩΩ+
 Since ΩΩΩ+ = QQT :σσσ+ = QσσσQT .
 This relation can be interpreted differently:
 Q?(σσσ)= Q?(σσσ) ⇔
 σσσ= Q?( ˙QT? (σσσ)).
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Hence,
 (·) is the time rate with respect to a back-rotated frame!
 s ,
 s
 Q T ( s )
 Q ( s )
 s ,
 s
 c o r o t a t e d f r a m e c u r r e n t f r a m e
 Ü
 Ü
 σσσ = QT? (σσσ) = QTσσσQ ⇒ ˙σσσ = QTσσσQ + QT σσσQ + QTσσσQ
 Q?( ˙σσσ) = Q ˙σσσQT = QQTσσσ + σσσ + σσσQQT = −ΩΩΩσσσ + σσσ + σσσΩΩΩ.
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Some examples of objective time rates:
 GREEN-NAGDHI-rate (back-rotated with R considering F = RU):σσσ= σσσ −ΩΩΩRσσσ + σσσΩΩΩR with ΩΩΩ = RR−1
 JAUMANN-rate (back-rotated with P using W = PPT = (FF−1)skew):∇σσσ= σσσ −Wσσσ + σσσW with W = (FF−1)skew
 To first order, both rates are equivalent since:W = (FF−1)skew = (RUU−1RT )skew = RRT + (RUU−1RT )skew
 Logarithmic rate:σσσ log = σσσ −ΩΩΩlogσσσ + σσσΩΩΩlog with
 τττ log =
 ∂Ψ∂h
 :h log =
 ∂Ψ∂h
 : d
 h: HENCKY strain tensor, d = (FF−1)sym and∂2Ψ∂h2
 isotropic!
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Considering the stress power in general form:
 E = t :e= t : d
 If two degrees of freedom are fixed, the third is automatically defined:
 (t, e known),
 (·) can always be found such thate= d
 (t,
 (·) known), e can always be found such thate= d
 (e,
 (·) known), t can always be found such thate= d
 That means:An objective time rate is not unique but a constitutive assumption!
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 A LIE-rate is the general form of a time rate!
 It is defined by : LA = AB( ˙AC(·))
 A LIE-rate with A = F is called convective or OYLDROYD-ratewhich means transformation with F−1, forming the material time rateand final backtransformation with F.
 For A = Q, we obtain a corotated time rate:
 (·)= Q?( ˙QT? (·))
 Unfortunately, for non-orthogonal A we should consider a morecomplex tensor calculus, the so-called tensor analysis on manifolds,since the transformations AB(·), AC(·) depend on the variance of (·):
 S = FC(τττ) = F−1τττF−T but E = FC(e) = FT eF.
 LF(τττ) = τ − lτττ − τττ lT =∇τττ −dτττ − τττd
 LF(e) = e + lT e + el =∇e +de + ed where l = FF−1
 Olaf Kintzel Material objectivity

Page 22
						

Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 F
 f
 G g
 The most general form of an isotropic scalarvalued hyperelasticpotential is:
 W (g,F,G) g and G are so-called metric tensors!
 Covariance means: W (g,F,G) = W (AB(g),AFB−1,BB(G))
 the constitutive function has to be objective with respect to atransformation of the current and initial statethe transformations can be arbitrary invertible mappingsthis does not exclude the consideration of material anisotropy,since we could have considered so-called structural tensors
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 W (g,F,G) = W (AB(g),AFB−1,BB(G))
 The transformations A and B have to be chosen such that the(non-objective) deformation gradient F+ = AFB−1 becomes unity!
 There are numerous possibilities. For instance A = F−1 and B = I:
 W (g,F,G) = W (FC(g),F−1F,G) = W (C, I,G) = W (C,G)
 A formulation in terms of the left CAUCHY-GREEN tensor b = FFT
 does not restrict the constitutive function to material isotropy since:
 W (g,F,G,M) = W (FC(g),F−1F,G,M) = W (C,G,M)
 W (FB(C),FB(G),FB(M)) = W (g,b−1,m) = W (g,b,m)
 M : Structural tensor with respect to the initial state
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Considering push-forwards or pull-backs, the following relations hold:
 b
 C G C # - 1
 b - 1gv v
 F FR R RU U
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 The spin tensor represents the first order member of Q.
 uu +
 W uu + = Q u
 u+ = exp(∆tΩΩΩ) u = (I + ΩΩΩ ∆t+ 12! ΩΩΩ2 (∆t)2 + · · · )u
 ⇒ u = ΩΩΩu∣∣∣∆t→0
 (∂exp(ΩΩΩ ∆t)
 ∂t= ΩΩΩexp(ΩΩΩ∆t) = exp(ΩΩΩ∆t)ΩΩΩ
 )
 Hence, the finite time integration ofσσσ= a would be:
 σσσn+1 = exp(ΩΩΩ ∆t)σσσnexp(−ΩΩΩ∆t) +∫ tn+1
 tna dt
 since σσσ = ΩΩΩσσσ − σσσΩΩΩ + a ⇔ σσσ= a
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Since the metric tensors g and G are only certain representations ofthe identity tensor I, their material time rates vanish (g = G = 0), buttheir convective time rates not (LF(b−1) = G = 0 , LF(g) 6= 0).For instance:
 W =∂W (g,F,G)
 ∂F: F = LF(W ) =
 ∂W (g,b−1)∂g
 : LF(g)
 Since S = 2∂W (C,G)
 ∂C= FC(τττ) = 2
 ∂W (FC(g),FC(b−1))∂FC(g)
 , we state:
 FC
 (∂W (g,b−1)
 ∂g
 )=∂W (FC(g),FC(b−1))
 ∂FC(g)
 i.e., the partial derivatives of W are also covariant.
 Generally, a 2n-order tensor is covariant, if it transforms like:AB(B(C,C,C)) = B(C,AB(C),AB(C))
 Olaf Kintzel Material objectivity
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Objectivity - Why material objectivity ?General rules for material objectivity
 Advanced topics
 Thank you for your attention
 For more information please see PhD thesis:
 ”Modeling of elasto-plastic material behavior and ductile microporedamage of metallic materials at large deformations”
 Download at http:\\www.kintzel.net
 Olaf Kintzel Material objectivity
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