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Section 6.2 The Unit Circle and Circular Functions 6-1
 6.2 The Unit Circle and Circular Functions
 Circular Functions
 For any real number s represented by a directed arc on the unit circle,
 sin cos tan 0
 1 1csc 0 sec 0 cot 0 .
 ys y s x s x
 x
 xs y s x s y
 y x y
 s Quadrant of s
 Symmetry Type and
 Corresponding Point cos s sin s
 3
 _____3
 _____3
 2 _____3
 Because cos s = x and sin s = y, we can replace x and y in the equation of the unit circle 2 2 1x y and obtain
 the following.
 2 2cos sin 1s s
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The domains of the circular functions are as follows.
 Sine and Cosine Functions: ,
 Tangent and Secant Functions:
 | 2 1 , where is any integer2
 s s n n
 Cotangent and Cosecant Functions:
 | , where is any integers s n n
 EXAMPLE 1 Finding Exact Circular Function Values
 Find the exact values of 3 3 3
 sin , cos , and tan .2 2 2
 EXAMPLE 2 Finding Exact Circular Function Values
 Find the exact values of: (a) 7 7
 cos and sin .4 4
 and (b)
 5tan .
 3
 (c) 2
 cos .3
 EXAMPLE 3 Approximating Circular Function Values Find a calculator approximation for each circular function value.
 (a) cos 1.85 (b) cos 0.5149 (c) cot 1.3209 (d) sec (−2.9234)
 EXAMPLE 4 Finding a Number Given Its Circular Function Value
 Approximate the value of s in the interval 0,2
 if cos s = 0.9685.
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Section 6.3 Graphs of the Sine and Cosine Functions 6-3
 6.3 Graphs of the Sine and Cosine Functions
 ■ Periodic Functions ■ Graph of the Sine Function ■ Graph of the Cosine Function
 ■ Graphing Techniques, Amplitude, and Period ■ Connecting Graphs with Equations
 Periodic Function
 A periodic function is a function f such that
 ( ) ( ),f x f x np
 for every real number x in the domain of f, every integer n, and some positive number p. The least possible
 positive value of p is the __________ of the function.
 The circumference of the unit circle is _____, so the least value of p for which the sine and cosine functions
 repeat is _____. Therefore, the sine and cosine functions are periodic functions with period _____, and the
 following statements are true for every integer n.
 sin( ) sin( ____) x x n and cos( ) cos( ____) x x n
 Graph of the Sine Function f(x) = sin x
 Domain: ____________ Range: ____________
 The sine function is closely related to the unit circle. Its domain consists of real numbers corresponding to
 __________________ __________________ (or __________________ __________________) of the unit
 circle, and its range corresponds to the _____________-coordinates (or __________________
 __________________) of the unit circle.
 x y
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Graph of the Cosine Function f(x) = cos x
 The graph of the cosine function is, in fact, the graph of the sine function shifted, or translated, _____ units
 to the left.
 Domain: ____________ Range: ____________
 Graphing Techniques, Amplitude, and Period
 We can think of the graph of siny a x as a vertical stretching of the graph of siny x when
 ____________ and a vertical shrinking when ____________.
 Amplitude
 The graph of siny a x or cosy a x,with 0,a will have the same shape as the graph of siny x or
 cos ,y x respectively, but with range [ | |, | |].a a The amplitude is | |.a
 We can think of the graph of siny bx as a horizontal stretching of the graph of siny x when
 ____________ and a horizontal shrinking when ____________.
 Period
 For 0,b the graph of siny bx will resemble that of sin ,y x but with period _______. Also, the graph of
 cosy bx will resemble that of cos ,y x but with period _______.
 x y
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Section 6.3 Graphs of the Sine and Cosine Functions 6-5
 Guidelines for Sketching Graphs of Sine and Cosine Functions
 To graph siny a bx or cosy a bx with 0,b follow these steps.
 Step 1 Find the period, _______. Start at 0 on the x-axis, and lay off a distance of ______.
 Step 2 Divide the interval into ______ equal parts.
 Step 3 Evaluate the function for each of the ______ x-values resulting from Step 2. The points will be
 __________ points, __________ points, and _____________.
 Step 4 Plot the points found in Step 3, and join them with a sinusoidal curve having amplitude
 ________.
 Step 5 Draw the graph over additional periods as needed.
 EXAMPLE 1 Graphing siny a x
 Graph 2sin ,y x and compare to the graph of sin .y x
 EXAMPLE 2 Graphing siny bx
 Graph sin 2 ,y x and compare to the graph of sin .y x
 Reflect: Are y sin2x and y 2sin x the same function? Explain.
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EXAMPLE 3 Graphing cosy bx
 Graph 2
 cos3
 y x over one period.
 EXAMPLE 4 Graphing siny a bx
 Graph 2sin3y x over one period.
 Notice that when a is negative, the graph of y = a sin bx is the reflection across the x-axis of the graph of y =
 | a | sin bx.
 EXAMPLE 5 Graphing cosy a bx for b That Is a Multiple of π
 Graph 3cosy x over one period.
 Notice that when b is an integer multiple of , the x-intercepts of the graph are rational numbers.
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Section 6.3 Graphs of the Sine and Cosine Functions 6-7
 Connecting Graphs with Equations
 EXAMPLE 6 Determining an Equation for a Graph
 Determine an equation of the form cosy a bx or sin ,y a bx where 0,b for the given graph.
 Using a Trigonometric Model
 EXAMPLE 7 Interpreting a Sine Function Model
 The average temperature (in oF) at Mould Bay, Canada, can be approximated by the function
 ( ) 34sin ( 4.3) ,6
 f x x
 where x is the month and 1x corresponds to January, 2x to February, and so on.
 (a) To observe the graph over a two-year interval and to see the maximum and minimum points, graph f in the
 window [0, 25] by [ 45, 45].
 (b) According to this model, what is the average temperature during the month of May?
 (c) What would be an approximation for the average yearly temperature at Mould Bay?
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6.4 Translations of the Graphs of the Sine and Cosine Functions
 ■ Horizontal Translations ■ Vertical Translations ■ Combinations of Translations
 ■ Determining a Trigonometric Model
 Horizontal Translations
 The graph of the function ( )y f x d is translated __________________ compared to the graph of ( ).y f x
 The translation is d units to the right if __________________ and is | d | units to the left if
 __________________.
 EXAMPLE 1 Graphing sin( )y x d
 Graph sin3
 y x
 over one period.
 EXAMPLE 2 Graphing cos( )y a x d
 Graph 3cos4
 y x
 over one period.
 EXAMPLE 3 Graphing cos[ ( )]y a b x d
 Graph 2cos(3 )y x over two periods.
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Section 6.7 Harmonic Motion 6-9
 Vertical Translations
 The graph of the function + ( )y c f x is translated __________________ compared to the graph of ( ).y f x
 The translation is c units up if __________________ and is | c | units down if __________________.
 EXAMPLE 4 Graphing cos y c a bx
 Graph 3 2cos3y x over two periods.
 Combinations of Translations
 A function of the form sin[ ( )]y c a b x d or cos[ ( )],y c a b x d where 0,b which involves
 stretching, shrinking, and translating, can be graphed according to the following guidelines.
 Further Guidelines for Sketching Graphs of Sine and Cosine Functions
 Step 1 Graph siny a bx or cos .y a bx The amplitude of the function is __________, and the period is 2
 b
 .
 Step 2 Use translations to graph the desired function. The vertical translation is c units up if __________ and is
 | c | units down if __________. The horizontal translation (phase shift) is d units to the right if
 __________ and is | d | units to the left if __________.
 EXAMPLE 5 Graphing sin[ ( )]y c a b x d
 Graph 𝑦 = −1 + 2 sin(𝑥 + 𝜋) over two periods.
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6.5 Graphs of the Tangent and Cotangent Functions
 ■ Graph of the Tangent Function ■ Graph of the Cotangent Function
 Graph of the Tangent Function f(x) = tan x
 Domain: ____________ Range: ____________
 Graph of the Cotangent Function f(x) = cot x
 Domain: ____________ Range: ____________
 x y
 x y
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Section 6.7 Harmonic Motion 6-11
 Guidelines for Sketching Graphs of Tangent and Cotangent Functions
 To graph tany a bx or coty a bx with 0,b follow these steps.
 Step 1 Determine the period, __________. To locate two adjacent vertical asymptotes, solve the following
 equations for x:
 For tan :y a bx __________bx and __________.bx
 For cot :y a bx __________bx and __________.bx
 Step 2 Sketch the two vertical asymptotes found in Step 1.
 Step 3 Divide the interval formed by the vertical asymptotes into __________ equal parts.
 Step 4 Evaluate the function for the first-quarter point, midpoint, and third-quarter point, using the x-values
 found in Step 3.
 Step 5 Join the points with a smooth curve, approaching the ____________________
 ____________________. Indicate additional asymptotes and periods of the graph as necessary.
 EXAMPLE 1 Graphing tany bx
 Graph tan 2 .y x
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EXAMPLE 2 Graphing tany a bx
 Graph 1
 3tan .2
 y x
 EXAMPLE 3 Graphing coty a bx
 Graph 1
 cot 2 .2
 y x
 EXAMPLE 4 Graphing tany c x
 Graph 2 tan .y x
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Section 6.7 Harmonic Motion 6-13
 EXAMPLE 5 Graphing cot ( )y c a x d
 Graph 2 cot .4
 y x
 Reflect: Are the vertical asymptotes actually part of the graph of a tangent or cotangent function? Why or why
 not?
 Connecting Graphs with Equations
 EXAMPLE 6 Determining an Equation for a Graph
 Determine an equation for each graph.
 (a)
 (b)
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6.6 Graphs of the Secant and Cosecant Functions
 Graph of the Secant Function f(x) = sec x
 Domain: ____________ Range: ____________
 Graph of the Cosecant Function f(x) = csc x
 Domain: ____________ Range: ____________
 x y
 x y
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Section 6.7 Harmonic Motion 6-15
 Guidelines for Sketching Graphs of Secant and Cosecant Functions
 To graph cscy a bx or secy a bx, with 0,b follow these steps.
 Step 1 Graph the corresponding _________________ function as a guide, using a dashed curve.
 To Graph Use as a Guide
 cscy a bx siny a bx
 secy a bx cosy a bx
 Step 2 Sketch the vertical asymptotes. They will have equations of the form __________, where k is an
 _________________ of the graph of the guide function.
 Step 3 Sketch the graph of the desired function by drawing the typical U-shaped branches between the adjacent
 _________________. The branches will be above the graph of the guide function when the guide
 function values are _________________ and below the graph of the guide function when the guide
 function values are negative. The graphs will resemble those in Figures 58 and 61 in the function boxes
 given earlier in this section.
 EXAMPLE 1 Graphing secy a bx
 Graph 1
 2sec .2
 y x
 EXAMPLE 2 Graphing csc( )y a x d
 Graph 3
 csc .2 2
 y x
 Reflect: Explain why the graph in Example 2 is the same as the graph of 3
 sec .2
 y x
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Connecting Graphs with Equations
 EXAMPLE 3 Determining an Equation for a Graph
 Determine an equation for each graph.
 (a)
 (b)
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